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Abstract

The knowledge of the conditions in which particles denser than fluid settle is important in many areas of engi
environmental sciences, meteorology, etc.

For particle flows influenced by vortices, research mainly related to steady horizontal vortices has been undertake
paper we determine the influence of the inclination of the vortex axis in the gravitational settling of particles.

The results obtained, in relation to the trajectories, are qualitatively similar to previous ones for horizontal vortices. T
difference is this: in a horizontal vortex particles always remain in a plane perpendicular to the vortex axis and in an
vortex (angleθ) particles do not remain on that plane because there is a componentvt cosθ that takes them out.

The average fall velocity〈vz〉 has an asymptote to the dimensionless terminal velocityvt ; this tendency is faster as the Stok
NumberSt increases and asvt decreases. A fundamental result is the following: asθ decreases,vt is reached faster because t
component of the velocityu of the Rankine vortex over theOz direction is small and because thevt component that tries to
keep the particles in a plane perpendicular to the vortex axis is small, so the vortex takes action over the particles fo
period of time.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

1. Introduction

As is known, the conditions under which particles denser than the fluid settle under gravity is important in many fiel
as meteorology, engineering or oceanography. For example, they govern the residence times of dust particles from win
or manmade pollutants (Nielsen [1], Tooby et al. [2]) and the settling in estuaries of rivers (Dutoit and Sleath [3], Perk
Sleath [4]). A knowledge of the average settling rate of small, heavy particles is also important for those cases, a
small water droplets in clouds, ash from volcanic eruptions, or combustion. Also there are many environmental and i
processes involving the transport of dense particles in which the formation of large-scale coherent structures in the fl
primary importance.

Some investigations of particle behaviour near steady horizontal vortices of strengthΓ , typical radiusR and maximum
velocityU = Γ/R have been made. Auton [5] showed that bubbles released beneath an irrotational vortex may becom
at the centre of the vortex and this mechanism has been used by Sene et al. [6] to investigate the transport of bubbles in
layers. Perkins and Hunt [7] prove than in the case of a horizontal vortex in a gravitational field, if the particles are
from outside the vortex their falling motion is feebly inhibited but if they are introduced into the flow within the vortex
residence time is greatly enhanced. Dávila and Hunt [8] established the dimensionless parameters which govern the t
of the particles and they calculate the average settling velocity of particles near a horizontal Rankine vortex under grav
enlarged upon some works of Crowe et al. [9] and some works of Clifford et al. [10].
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In this paper we determine the gravitational settling behaviour of particles in the case when the vortex axis is inclined at an
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angle with respect the horizontal plane. In this way, after establishing the equations for particle motion, computational
have been obtained and we have represented the particle trajectories and the average settling velocity for various va
parameters. In the following sections we describe the results obtained.

2. Equations for particle motion

The motion of small spherical particles in a fluid is governed by a balance between the particle inertia, gravity, and
buoyancy forces from the relative motion of particle and fluid.

Assuming that the particle density is generally greater than the fluid density, buoyancy forces and acceleration forc
important. Also, particle interactions are negligible at low concentrations. Therefore, if particles are sufficiently small
and Riley [11]), the only force over the fluid is the Stokes drag force, so the positionx∗(t) and velocityv∗(t) at any instant are
determined by Newton’s second law:

mp
dv∗(t)

dt∗ = 6πaµ
[
u∗(x∗, t∗) − v∗(t∗)

] + mpg (2.1)

with mp particle mass,a particle radius,µ fluid viscosity,g gravitational acceleration andu∗(x∗, t∗) local fluid velocity;
quantities in boldface are vectors.

The determination of the particle motion from these equations is a complex problem and we have to obtain comp
solutions. We have to write Eqs. (2.1) in dimensionless form introducing suitable dimensionless parameters.

Since the direct effect of the particle inertia is to limit the response of the particle velocity to rapid changes in the loc
velocity, this may be characterized by identifying a relative motion relaxation time scaleτp which for a Stokes sphere (Cli
et al. [12]) is

τp = mp/6πaµ. (2.2)

If L0 andU0 are the typical length and velocity of fluctuation of the flow field, then the effect of the particle iner
determined by the dimensionless relaxation time

St = τpU0/L0; (2.3)

this is the Stokes number (Clift et al. [12]). In many contexts this ratio is small and on this basis particle inertia is often n
(Katz [13]).

We introduce two dimensionless ratios, the Stokes number:

St = mpU0/6πaµL0 = τpU0/L0 (2.4)

and the ratio of the free fall terminal velocity in still fluid to the maximum velocity in the vortex flow:

Vt = mpg/6πaµU0 = vtg/U0. (2.5)

The Stokes number determines the importance of particle inertia such that whenSt is very small, inertial effects ar
supposedly small.

For a Rankine vortex we takeL0 as the typical radiusR andU0 as the maximum velocity soU0 = Γ/L0.
Using

v = v∗
U0

, x = x∗
L0

, t = t∗U0

L0
(2.6)

the scaled nondimensional equations of motion are

dx(t)

dt
= v(t),

dv(t)

dt
= 1

St
u(x, t) − v(t) + vt (2.7)

with initial condition

x(t = 0) = x0,

v(t = 0) = u(x0, t = 0) + vt . (2.8)
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(We are assuming that the particle density is greater than fluid density and the Reynolds number of the particle is very small.)
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The imposed initial condition was the simplest possible: the particles are in equilibrium with the surrounding flow con
As we have already mentioned, in the case of vortices the parameters we have employed to write the equations of

dimensionless form areΓ , U0 andL0 = Γ/U0.
Therefore the Stokes number becomes

St = |β − 1|
kT

d2
p

18υ

U2
0

Γ
, (2.9)

whereβ is the ratio between the particle density and the fluid density,dp is the particle diameter andυ is the kinematic viscosity
of the fluid. Since we assume in this paper that the Reynolds number of the particles based on their relative motionvrel = |v−u|,
Rep = vreldp/υ is small, to consider finite values of the particle Reynolds number we introducekT , the ratio between the actu
drag force and the Stokes drag, defined forRep = 0 (Dávila and Hunt [8]).

We obtain computational solutions using a fourth order variable step size Runge–Kutta method [14], with a fluid
field described in the next section.

3. Inclined Rankine vortex velocity field

We consider the Rankine vortex. The normalised velocity field in cartesian co-ordinates related to the vortex are:

	u = −Ωy2

1+ x2
2/R2 + y2

2/R2
	i2 + Ωx2

1+ x2
2/R2 + y2

2/R2
	j2, (3.1)

whereR is the radius at which the maximum velocity occurs andΩ is twice the angular velocity at that radius.
To consider the inclination of the vortex, we must remember the co-ordinate transformation defined by the Euler

precession, nutation and own rotation (see Fig. 1). Beginning with the fixed axisOxyz and rotating them an angleΨ , called
precession angle, around theOz axis we obtain the systemOx1y1z1 and rotating this system an angleθ called nutation angle
around theOx1 axis we obtain the systemOx2y2z2. Finally we have to rotate the system around theOz2 axis an angleφ,
called own rotation angle, but we do not include it in this paper because it is not especially important to this study.

The vortex axis will be theOz2 axis and we can consider any section of the vortex, for example the section situated
Ox2y2 plane.

There are two options to make the study. The first one is to relate the dimensionless terminal velocityvt to the system
Ox2y2z2 and work with it:

vt = −vtk = −vtk1 = −vt (sinθj2 + cosθk2). (3.2)

The second way is to relate the velocity field (3.1) to the fixed systemOxyz and work with it:

u = (Ω/DEN)
[
i(−y cosθ − zsinθ cosΨ ) + j (x cosθ − zsinθ sinΨ )

+ k(x sinθ cosΨ + y sinθ sinΨ )
]

(3.3)

with

DEN = 1+ (x cosΨ + y sinΨ )2

R2
+ (−x cosθ sinΨ + y cosθ cosΨ + zsinθ)2

R2
. (3.4)

Fig. 1. Co-ordinates transformation defined by the Euler angles.
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As the precession angleΨ does not affect the results, in this paper we considerΨ = 0 and we study the influence of th
nutation angleθ .

The equilibrium points of the system (2.7), where dx/dt = d2x/dt2 = 0 are obtained fromu(xE) + vt = 0. Working with
the systemOx2y2z2:

xE1,2 =
Ω ∓

√
Ω2 − 4v2

t sin2 θ/R2

2vt sinθ/R2

asVt → 0, xE1 → (0,0) while xE2 → (R2Ω/vt sinθ,0). Dávila and Hunt [8] prove that in a horizontal vortex,xE1 is an
unstable focus (node ifSt = 0) andxE2 is a saddle point of the dynamical system defined by (2.7). The only difference be
a horizontal and an inclined vortex in relation to equilibrium points is that they are displaced in position due to the factoθ ”
appearing in the formula.

4. Results

4.1. Trajectories of particles

In Fig. 2 we have plotted the trajectories of non-inertial particles (St = 0) for the horizontal vortex case. In this case t
systemsOxyz andOx2y2z2 coincide.

We can observe that the trajectories are symmetric aboutz = 0 and some particles follow close trajectories around the ce
of the vortex as demonstrated by Dávila and Hunt [8]. The fundamental difference with the caseθ �= π/2 is, as we will see
later, forθ = π/2 particles always move on planesy = constant because there is not any force to bring them out of that p
Therefore the movement is 2D.

Fig. 2. Trajectories of non-inertial particles (St = 0) for a horizontal vortex (θ = π/2).

Fig. 3. Trajectories of inertial particles (St = 0.5) for a horizontal vortex (θ = π/2).
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Fig. 4. Trajectories of particles. (a)θ = π/4, St = 0, vt = 0.5. (b)θ = π/4, St = 0.5, vt = 0.5.

Fig. 3 shows the trajectories of inertial particles,St = 0.5, for a horizontal vortex (θ = π/2). The movement is 2D too
particles move in the planey = constant but there are no closed trajectories aroundxE1. Particles starting at this point mov
outwards on trajectories that are spirals because of the centrifugal inertial force so particles released inside the vortex
drift outward on a time scalet = f (vt )/Fr whereFr = V 2

t St is the particle Froude number andf (vt ) is a function of the
dimensionless terminal velocity (Perkins and Hunt [7]). According Dávila and Hunt [8] there are two limit trajectories sep
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Fig. 5. Average fall velocity for non-inertial particles (St = 0). (a)θ = π/2, vt = 0.3, 0.5. (b)θ = π/4, vt = 0.3, 0.5.

(a) (b)

Fig. 6. Average fall velocity for inertial particles(St = 0.5). (a)θ = π/2, vt = 0.3, 0.5. (b)θ = π/4, vt = 0.3, 0.5.

the closed trajectories zone and the remaining fluid and the inertial particles released above the vortex will not reach th
the vortex on account of the centrifugal forces acting on them.

Therefore if particles are released above the vortices some empty regions will appear and their geometry de
the terminal velocity. As we have already seen, the radial distance of the equilibrium pointxE2 increases in proportion t
R2Ω/vt sinθ; as a consequence the empty regions become wider asvt decreases. Furthermore, as the Stokes number incre
the centrifugal force becomes greater and the empty region becomes wider.

Now, in Fig. 4, we show the particle trajectories for an inclined vortex (θ = π/4). The plots of the trajectories related
the fixed axisOxyz are not very significant and the main features cannot be estimated, so we only include plots relate
Ox2y2z2 axis.

In these plots particles have been released in the same planez2 = constant. The most representative is theOx2y2 plot,
in which we can see the similitude with the horizontal vortex case: the projection of the trajectories onOx2y2 plane are
closed curves for non-inertial particles (St = 0); that is, the spatial trajectories of the particles is a type of helix. For ine
particles that projection onOx2y2 plane is not a closed curve but the particle, in projection, moves outwards on curves t
spirals.
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Fig. 7. Average fall velocity forvt = 0.5, St = 0.02, 5.0,θ = π/4. Fig. 8. Average fall velocity forθ = π/4, St = 0.5, vt = 0.02, 2.

Fig. 9. Average fall velocity forvt = 0.4, St = 0.5, θ = π/2,
θ = π/3, θ = π/4, θ = π/6.

Fig. 10. Average fall velocity forvt = 0.4, St = 0.5, θ = π/2,
θ = π/12.

In an analogous way, there will be limit trajectories separating this zone of closed trajectories (in projection)
remainder of the fluid field so particles released in some zones will not reach the central zone of the vortex and som
regions will appear. In analogy with the horizontal case, the empty regions become wider asvt decreases and as the Stok
number increases the centrifugal force becomes greater and the empty region becomes wider.

Comparing different nutation angles, as the nutation angle is smaller the closed and spirals trajectories zone is g
projection). The explanation is this: as that angle is smaller, particles have to cross a greater section of the vortex.

A fundamental difference between a horizontal vortex (θ = π/2) and an inclined vortex (θ < π/2) is the following: in the
horizontal vortex case, particles always move in a plane perpendicular to the vortex axis and they never go out of that
in the inclined vortex it does not happen that way.

We can seevt has a componentvt cosθ that “wants” to bring the particles out of the plane perpendicular to the vortex
in which they are released and this effect is stronger asθ is smaller, because then cosθ is greater. Therefore, as the vortex
more inclined the tendency of the particles to leave the plane perpendicular to the vortex axis in which they are is gre
obvious then, forθ = π/2, a horizontal vortex,vt has only one component (Oz direction) and particles always remain in t
plane perpendicular to the vortex axis which they was.
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Fig. 11. Particle trajectories near a horizontal Rankine vortex.

4.2. Average fall velocity

For each case we have take a mesh of 500 equi-spaced particles in a plane perpendicular to the vortex axis and for
combinations of the parametersθ , St, vt , we have integrated the system (2.7) with the fluid velocity field (3.1) using a fo
order variable step size Runge–Kutta method [14] as we have already mentioned.

Fig. 5 shows the average fall velocity for non-inertial particles, various values ofvt and various nutation angles. When t
vortex axis is inclined〈V z〉 has a tendency to asymptote tovt but for a horizontal vortex (in the case of non-inertial particl
this does not happen (Fig. 5(a)). That is a consequence that particles have been taken in a plane perpendicular to
axis and, as we have already seen, in this casevt has no component that forces the particles to leave that plane, therefo
residence time of the particles in the vortex grows.

Fig. 6 shows the same plots for inertial particles (St = 0.5). In this case〈V z〉 has a tendency to asymptote tovt even if the
vortex is horizontal.

In Fig. 7 we can see the influence of the parameterSt, that is, the influence of the particle inertia for an inclined vortex.
have taken two very different values ofSt to observe clearly the difference. The computational simulations confirm the exp
results: when the inertia is large the asymptotevt is reached faster for every nutation angle. Fig. 8 shows the influence o
dimensionless terminal velocityvt for θ andSt fixed. Asvt is smaller, the asymptote is reached faster. Finally, in Fig. 9
show〈V z〉 versust for St andvt fixed and various values of the nutation angleθ.

The influence ofθ is seen with sharpness in Fig. 10; for the same fixed values ofSt andvt we plot 〈V z〉 versust for two
very different values of the nutation angle. Whenθ is small (vortex very inclined) the asymptotevt is reached faster becau
the velocity field (3.3) withΨ = 0 is

u = (Ω/DEN)
[
(−y cosθ − zsinθ)i + (x cosθ)j + (x sinθ)k

]
(4.1)

with

DEN = 1+ x2

R2
+ (y cosθ + zsinθ)2

R2
(4.2)

and as sinθ is small theOz component ofu is small. Furthermore, as sinθ is small and cosθ is big, the component ofvt that
“wants” to keep the particles in the plane perpendicular to the vortex axis is small so the time over which the vortex take
is small and the valuevt is reached soon.

In all the cases, there is an evident tendency of〈V z〉 to vt . The explanation, which can be generalized for every angl
easily seen for the horizontal vortex case, shown in Fig. 11. Particles falling on the left-hand side increase their ave
velocity because of the vortex action and particles falling on the right-hand side decrease their average fall velocity for
reason, but considering an ensamble of particles over the whole field these effects are compensating so〈V z〉 → vt .

5. General conclusions

Firstly, we have plotted the trajectories of particles near a Rankine vortex varying the Stokes numberSt, the dimensionless
terminal velocityvt and the nutation angleθ . We have obtained some qualitative results as in previous studies. Non-in
particles (St = 0) can execute closed trajectories for every nutation angle but inertial particles(St > 0) do not execute close
trajectories and some empty regions appear; these empty regions become wider asvt decreases; furthermore by increasing
Stokes number the centrifugal force becomes greater and the empty region becomes wider.
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There is a fundamental difference between a horizontal vortex (θ = π/2) and an inclined vortex (θ < π/2); in the first case
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particles always move in a plane perpendicular to the vortex axis and they never go out of that plane but in the second
do because of the influence of thevt cosθ component. This effect is stronger asθ is smaller.

Furthermore we have verified that decreasing the nutation angle results in a greater closed trajectories zone and i
spiral trajectories zone (in projection forθ < π/2) because particles have to cross a wider section of the vortex.

Secondly, we have plotted the average fall velocity〈V z〉 versus time for various combinations of the parameters.〈V z〉
always has a tendency to asymptote tovt except in the horizontal vortex case with non-inertial particles because particles
been taken in a plane perpendicular to the vortex axis and in this casevt has no component to bring them out of that plane.
have verified that increasing the particle inertia leads to the asymptotevt being reached faster, as we expect.

Our fundamental finding is the influence of the nutation angle withvt andSt fixed. Asθ falls, vt is reached faster becau
theOz component of the Rankine vortex velocity is small and because the component ofvt that acts to keep the particle in
plane perpendicular to the vortex axis is small, so the time which the vortex takes action is small.
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